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Abstract— Micro-grid is a system with various distributed 
energy sources integrated. Due to its inherent distributed and 
heterogeneous nature, the micro-grid becomes ideal platform for 
consensus-based multi-agent control. Conventionally, power 
sharing in a micro-grid is achieved by autonomous P f− and 
Q V− droop control on individual inverters, which suffers from 
lack of frequency restoration mechanism and dependence on 
output line impedance. While the previously developed 
Q V−  droop control still ends up with inaccurate reactive power 
sharing under strongly non-uniform line impedance. In this 
paper, a consensus-based P f− and Q V−  droop control with 
sparse communication network is proposed. With the networks 
considered to be lossy, its operation principle and control 
method are explained, and stability of the closed-loop system is 
investigated by the energy function approach. Simulation results 
of a 4-node 3-inverter system are then presented to validate the 
effectiveness of the proposed control method. 
Index Terms—Micro-grid, consensus-based, droop control, 
Q V−  , energy function. 
I.  INTRODUCTION 
ΙΤΗ the rise of distributed renewable energy resources 
applications, such as wind turbines, photovoltaic, full 
cells, etc, control methods for power sharing in micro-grids 
with distributed generation becomes widely interested [1]. 
Conventionally, the real power-frequency ( )P f−  droop 
control and reactive-voltage magnitude ( )Q V−  droop control 
are adapted for individual converters as decentralized 
strategies for autonomous power sharing operations [2].  
However, the reactive power sharing of Q V−  droop control 
often deteriorates due to its dependence on line impedances 
[3-5]. 
In order to overcome such difficulties, the Q V−  droop 
control method has been proposed [5]. This Q V−  droop 
control can indeed improve the ability of reactive power 
sharing among multiple parallel-connected converters. In 
addition, the V  restoration mechanism is also developed in 
maintaining the voltage profile at the steady state. However, 
inaccurate reactive power sharing is still observed under 
strongly non-uniform line impedances. 
   In recent years, the consensus-based multi-agent control 
theories have been widely investigated [6-8]. Due its inherent 
distributed and heterogeneous nature, the micro-grids are 
indeed ideal platforms for consensus-based multi-agent 
control [9-14]. A distributed control strategy is developed in 
[10] for reactive power compensation in smart micro-grids. In 
[11-12], a control method with both central power managing 
and decentralized robust control strategy is developed and 
evaluated. And in particular, the consensus-based P f−  
droop control along with analysis on its stability has been 
studied in [14]. 
    In this paper, we extend the works in [14] to a consensus-
based droop controller with both P f− and Q V−  droop 
control and sparse communication network. Moreover, the 
micro-grid is further considered to be lossy with uniform R/X 
ratio. Stability analysis of our pervious works in [5] is first 
carried out with energy function approach. The closed-loop 
system is found to be a quasi-gradient system [15], which 
suggests complete stability. The similar approach is then 
applied to the proposed control, and complete stability is also 
verified. Simulation of a 4-node 3-inverter system is 
developed to validate effectiveness of the proposed control 
method, where detailed PWM dynamics of inverters are also 
included through real-time simulation technique [16]. 
II.  OVERVIEW OF EXISTING DROOP METHODS 
A.  Conventional P-f and Q-V Droop  
The network line impedance is first assumed to be 
inductive and lossless ( ij ijY jB= ). Then for the system 
illustrated in Fig. 1, which is with n inverters in parallel while 
loads lumped at 0bus , the active power flow equations are 
found as 
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where iP  and 0P are the active power outputs at ibus  and 
0bus , respectively. The ,0 0pD θ  term is included for any load 
dependence on frequency. Similar relationships for reactive 
power flow equations can be described as 
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Fig. 1. Parallel-connected inverters in micro-grid. 
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Inherent relationship between Q  and V  of loads in power 
systems can be found in [17]. With the conventional 
P f− and Q V− droop controller as illustrated in Fig. 2, and 
droop coefficients selected as   
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the assumed inevitable synchronization on frequency and 
averaging on voltage differences suggest that  
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* * *
1 1 2 2 ,n nQ Q Q Q Q Q= = ="  (6) 
hold for active and reactive power outputs of inverters. 
Now consider the case that all transmission lines are with 
uniform R/X ratios, which is common when similar types of 
conductor are employed in for the lines, 
              G ,ij ij ij ijR X K B K= ⇒ = −  (7) 
where ,  ,   and ij ij ij ijR X G B  being the resistance, reactance, 
conductance and susceptance of transmission line between 
node i and j, respectively. Then (1) and (2) become 
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The above power flow equations imply that pure P f− and 
Q V− relationship for droop control no longer holds, 
and additional control efforts become necessary for achieving 
accurate power sharing.  
B.  P f− Droop and Q V−  Droop Control   
Mathematically, the P f− droop and Q V−  droop control 
for autonomous power sharing operations of multiple parallel-
connected converters can be described as follows: 
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Fig. 2. P-f and Q-V droop operation principle. 
            ( ) *, , ,p i i b p i i i iD D P Pω ω θ− = = −  (10) 
            ( ) ( )* *, ,0 , ,q i i i q i i i i iD V V D V Q q Q− = = − −    (11) 
            ( )* , ,0 , ,i res R i i i res R i iq k Q V V k Q V= − − =    (12) 
where ,,   and b res R ik Qω are the nominal frequency, restoration 
rate and rated reactive power capacity, respectively. (12) is 
the additional V restoration mechanism to maintain voltage 
profile. Worthy to mention, here we replace 0xQ  in [5] with 
* *
i iQ q−  for sake of analysis, where 
* * and i iQ q are the constant 
and variable portion of 0 ,xQ respectively.  
If we define a new state variable iv , 
            ( ) 1ln ,i i i i iv V v V V −= ⇒ = ⋅  (13) 
the closed-loop dynamics for inverter i will become 
( )* 2, 0 0 0 0cos sin ,p i i i i ii i i i iD P V KB V V B Kθ θ θ= + + −  (14) 
( )* * 2, 0 0 0 0sin cos ,q i i i i i i ii i i i iD V v Q q V B V V B K θ θ= − + + +  (15) 
            
*
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In our previous work [5], the small-signal state-space 
dynamical model of (14) to (16) is constructed to ensure the 
stability of the closed-loop system. Both root locus and 
participation factors techniques are provided to demonstrate 
the effectiveness of the P f− droop and Q V−  droop control.  
Nevertheless, the above analysis is only restricted to small 
signals, nonlinear characteristics of (14) to (16) cannot be 
completely captured. The stability analysis done in [14] is 
rather with tedious derivation and some unnecessarily strict 
assumptions, which would end up wrongfully determining the 
stability of several possible micro-grid configurations. 
Moreover, only lossless networks are considered in [14]. 
In order to overcome such difficulties, the analysis of (14) 
to (16) will be preceded by the energy function theory of 
nonlinear system theory in this paper.  The rigorous definition 
of energy function can be found in [18].  
   To apply the energy function theory to (14) to (16), several 
terms of energy functions are defined first [20], [21]: 
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Physical interpretations and validity of each term can be 
found in [21]. The above equations are actually energy 
functions for an equivalently inductive network with line 
impedance of 2(1 ) ijK B+ . Power flow equations for this 
equivalent network can be obtained by manipulating (14) and 
(15), particularly (14) (15)K− ∗  and (14) (15)K ∗ + : 
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Represent (16), (21) and (22) in forms of energy functions and 
obtain  
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where 1, , .R res R i q iK k Q D
−
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the fact that 3 2 4 0i i iW W v Wθ θ∂ ∂ = ∂ ∂ = ∂ ∂ = , (23) to (25) 
can be written in the compact form:  
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One might find that 1−D A  is singular with one 0-eigenvalue 
and corresponding eigenvector as [ ]1 1 .TK −  However, 
we’ll show that this 0-eigenvalue does not lead to a 
continuum of equilibrium points. If we apply the eigenvector 
to (26) 
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Compare with (23) and (24), one can observe that (29) 
suggests , , , , 0,p i i q i i i q i i i p i iD KD V v D V v KDθ θ− = + =    which is 
indeed the isolated equilibrium point as the power flow 
solution of (23) and (24). And since 1U  is indeed the energy 
function, the overall system dynamics described by (26) is 
certainly a quasi-gradient system with complete stability [15]. 
Every trajectory of (26) will converge to one of the 
equilibrium point, which is indeed the power flow solution of 
(23) to (25). Thus, the combined P f−  droop and 
Q V−  droop control can indeed ensure the stability of the 
closed-loop system. 
Worthy to mention, one may observe that with frequency or 
voltage independent loads, matrix D becomes singular, which 
indicates an unstable closed-loop system. This is resolved by 
the singular perturbation approach [19]. Let [ ]0 0 0 Tvθ=x , 
then by replacing ,0pD  and ,0qD  with sufficiently small 
positive numbers pε  and qε , [20] suggests that the following 
two systems in (30) share the same equilibrium points. 
Complete stability of systems with ,0 0pD =  or ,0 0qD =  is 
therefore verified. 
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III.  CONSENSUS-BASED DROOP CONTROL 
One disadvantage of the system expressed by (26) is that it 
lacks the mechanism for frequency and voltage restoration. 
Consequently, the steady-state frequency and voltage depend 
on the nominal active and reactive power commands, which 
might not meet the requirements of power quality for micro-
grid operations. And it might still lead to incorrect reactive 
power sharing among inverters under strongly non-uniform 
line impedance [5].   
The consensus-based droop control method then come to 
our scope. In particular, the consensus-based P f−  droop 
control has been studied in [14]. In this paper, we extend their 
works to the consensus-based P f− and Q V−  droop control 
as following  
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where ip  and iq  are additional terms for frequency and 
voltage restoration. The ijL  term is the element of comL , the 
communication matrix between inverters, which is realized as 
Laplacian matrix of the network [22]. Let ija  indicate the 
state of physical connection between ibus  and ,jbus  the 
Laplacian of the network can be found as 
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The communication is then established between physical 
neighbors of each inverter only. 
    The droop controller described by (31) to (34) would drive 
,i p ip D and ,i q iq D to be identical for each inverter as  
*
,0 1
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respectively. Now we illustrate stability of the closed-loop 
dynamics of the proposed droop controller. First reformulate 
(31) and (33) as follows 
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The following energy function is then defined 
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Notations are further explained in Table 1. As concluded from 
(27) to (29), 1−D A  can be found to be positive semi-definite 
with 2n 0-eigenvalues, which are introduced by the 2n  
additional control terms p and q. And these 0-eigenvalues do 
not lead to a continuum of equilibrium points, but rather the 
equilibrium point of power flow solution itself.  
Since 2U  is indeed the energy function, the system 
expressed by (39) is also a quasi-gradient system, which is 
completely stable. Moreover, the additional communication 
scheme also provide extra damping for the system by placing 
the comL term on the diagonal of A . 
IV.  SIMULATION RESULTS 
    The 4-node 3-inverter micro-grid shown in Fig. 3 is 
developed to verify the proposed consensus-based droop 
controller. Table 2 illustrates the system parameters, and 
worthy to mention, different ratings of inverters and non-
uniform line impedance are applied. Block diagrams of the 
proposed droop controller for individual inverter i are shown 
in Fig. 4. And the conventional P f− droop and Q V−  droop 
control proposed in [5] are also developed as the comparison.  
The simulation works are established on the real-time 
simulator constructed by Opal-RT. Model details such as 
inverter PWM transients are included in the simulation as well. 
The results are then expected to well realize the dynamics of 
physical systems. We arrange the simulation scenario as 
following: Both the active and reactive loads are initially 0.8 
p.u. A step change, which drives the loads to 1 p.u., is applied 
later.  
The resulting inverter power outputs, frequency and voltage 
are shown in Figs. 5 to 8. Compared to conventional P f−  
droop, the proposed consensus-based P f− droop control 
achieves accurate frequency restoration. As to the reactive 
power control, the Q V−  droop requires proper nominal output 
setting to perform accurate power sharing. The inclusion of 
consensus term then provides essential information for each 
inverter to achieve proper voltage settings. Table 3 
summarizes the steady-state power outputs and corresponding 
droop errors under 1 p.u. loading. 
V.  CONCLUSION 
The consensus-based droop control for parallel connected 
inverters is extended from P f− droop to both P f− and 
Q V−  droop control methods in this paper. Stability of the 
non-consensus P f− and Q V−  droop control in [5] is first 
investigated with the aid of energy function development. The 
closed-loop system is found as a quasi-gradient system, in 
which completely stability is well defined. The droop 
controllers are then extended to consensus-based, and their 
stability is well inspected under similar theoretical frame. 
Simulations of a 4-node 3-inverter system are developed to 
verify performance of the proposed droop control. Compared 
to non-consensus P f− and Q V−   droop control, the 
proposed droop control achieves much more accurate reactive 
power sharing, along with precise frequency and voltage 
restoration. 
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Fig. 3. 4-node 3-inverter micro-grid. 
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Fig. 4. Proposed droop controller for individual inverter i.
With the above preliminary knowledge on the proposed 
consensus-based droop control method, some aspects can be 
further discovered. Since the low voltage distribution systems 
are normally with resistive line impedances, the consensus-
based droop controller for LV-grids will be investigated. 
Moreover, deployment of the proposed controller in more 
flexible network topologies will also be examined, including 
micro-grid with multiple load buses and sparser inverter inter-
connection. 
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Fig. 5. Active power outputs of inverters: (a) P f− and Q V−  droop; (b) 
Proposed consensus-based droop. 
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Fig. 6. Frequency of inverters: (a) P f− and Q V−  droop; (b) Proposed 
consensus-based droop. 
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Fig. 7. Reactive power outputs of inverters: (a) P f− and Q V−  droop; (b) 
Proposed consensus-based droop. 
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Fig. 8. Terminal voltage of inverters: (a) P f− and Q V−  droop; (b) 
Proposed consensus-based droop. 
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VII.  APPENDIX 
TABLE I. NOTATIONS FOR (40) AND (41) 
Notation Definition 
V  { }( )0nj jdiag V =  
( )p qD  { }( )( ), 0np q j jdiag D =  
( )p qD  { }( )( ), 1np q j jdiag D =  
( )p qk  { }( )( ), 1np q j jdiag k =  
TABLE II. MICRO-GRID PARAMETERS 
Rated voltage, Base power 220 V, 2 kVA 
01 23Z Z=  0.006 0.023j+  p.u. 
03 12Z Z=  0.008 0.03j+  p.u. 
,1 ,3 ,21 1 ,  1p p pD D D=  
5 51 10 ,  2 10− −× ×  1rad s W−⋅  
,1 ,3 ,21 1 ,  1q q qD D D=  
3 33 10 ,  6 10− −× ×  1V s Var−⋅  
, , ,  1, 2,3.p i q ik k i= =  
21 10−× s  
, , , com p com qL L  
5 41 10  , 1 10com com× ×L L W s⋅  
TABLE III. STEADY-STATE POWER OUTPUTS WITH 1P.U. LOADING 
 P f− and Q V−  droop Consensus-based droop 
1Bus  2Bus  3Bus  1Bus  2Bus  3Bus  
(W)P  1970 998.3 1985 1971 998.5 1985 
(%)errP  -0.378 0.957 0.406 -0.546 0.741 0.176 
(Var)Q 430.3 91.96 366.8 353.3 179.9 355.9 
(%)errQ 21.00 -48.28 3.14 -0.658 1.170 0.073 
 
